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INTRODUCTION
Cardiovascular diseases are the first cause of death in industrialized countries. It is now widely established that blood
fluid dynamics and its interaction with the vascular wall play an essential role in the development and evolution
of vascular pathologies. Mathematical modeling and numerical simulation are precious tools which may help to
understand biomechanical phenomena in both physiological and pathological states and can lead to the development
of new therapies or to assist physicians in clinical decision making and treatment.
For the physiological state, a simulation of blood flow and its interaction with the vascular wall is performed using
an aorta model. Then, to understand the complex flow patterns in pathological states, the simulation of a cerebral
aneurysm is executed.
DEFINITION OF THE FLUID STRUCTURE INTERACTION (FSI) PROBLEM
The interaction between the blood flow and the vessel wall is complex. To correctly study the flow in the arteries,
at time t we have to simulate a coupled problem that can be formally defined and sub-structured in a fluid, structure
problem, and geometry problems. The fluid problem
F(u f ,ds,d f ) = 0 (1)
represents the fluid momentum and continuity equations in an Arbitrary Lagrangian-Eulerian (ALE) frame of reference
ρ f
∂u
∂ t +(ρ f (u−w) ·∇)u−∇ ·σ f = 0 in Ω f (t)
∇ ·u = 0 in Ω f (t),
(2)
with interface boundary conditions
u◦ A˜t =
dds
dt on Γ. (3)
The unknowns are the fluid velocity and pressure, grouped in the vector variable u f = (u, p). The Cauchy stress tensor
is noted σ f = −pI + µ f (∇u+(∇u)
T )
2 , the density ρ f and the viscosity µ f . The ALE mapping A˜t ( e.g. [3, Chap 3]) is
defined as
A˜t : ˆΩ f → Ω f (t)
xˆ 7→ A˜t(xˆ) = xˆ+d f (xˆ).
The fluid problem is coupled with both the geometry problem, through the dependence on the fluid domain displace-
ment d f and on the associated ALE velocity w
w =
∂ A˜t
∂ t
∣∣∣∣∣
u f xo
=
∂d f
∂ t
∣∣∣∣
u f xo
, (4)
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and to the structure dynamics, through the boundary condition
d f = ds on Γ. (5)
The structure or solid problem
S(u f ,ds,d f ) = 0 (6)
represents the solid equation in a Lagrangian frame of reference
ρs
∂ 2ds
∂ t2 −∇ · σˆs = 0 in Ωs, (7)
with interface boundary condition given by
σˆsnˆ = Jsσ f F−Ts nˆ on Γ (8)
and where σˆs = λ tr(ε)+ 2µsε , with ε = (∇ds+(∇ds)
T )
2 , is the Piola stress tensor, λ and µs are the Lamé coefficients,
and Ωs is the solid domain in the reference configuration. The unknown is the solid displacement ds. The problem is
coupled with the fluid quantities u f through the boundary condition (8) on Γ.
The geometry problem
G(ds,d f ) = 0 (9)
represents the harmonic extension problem{
−∆d f = 0 in ˆΩ f
d f = ds|Γ on Γ,
(10)
with unknown d f . The latter is coupled with ds through the boundary condition on Γ.
Coupled System
To summarize, the coupled system can be written as
F(u f ,ds,d f ) = 0, (11)
G(ds,d f ) = 0, (12)
S(u f ,ds,d f ) = 0. (13)
Time Discretization
The coupled problem is time dependent and non-linear. Depending on the time-discretization, the non-linearities
may be simplified or may even disappear. In this note we give only a short overview of possible methodologies that
can be found for example in [2].
We consider a linear constitutive relation for structure equation; the extension to the non-linear case is possible and
requires few modifications to the terminology. Here the indices n and n+1 represent quantities at times tn and tn+1.
Examples of possible time discretization schemes are
• Fully implicit: all the terms of the equations are considered implicitly, in particular the convective term of the
fluid momentum equation reads (un+1 −wn+1)∇un+1.
• Convective explicit. The convective term in the fluid momentum equation is considered explicitly. It reads
(un −wn)∇un+1.
• Geometry-convective explicit (GCE). The convective term is still considered explicitly and the domain Ω f is
extrapolated from the previous time step.
The fully implicit and convective explicit time discretization are quite similar and both give rise to non-linear
problems. Instead with the GCE time discretization the problem at each time step is linear. We are going to explain
this approach more in details.
16
Downloaded 30 May 2011 to 128.178.69.200. Redistribution subject to AIP license or copyright; see http://proceedings.aip.org/about/rights_permissions
GEOMETRY-CONVECTIVE EXPLICIT PROCEDURES FOR FSI PROBLEMS
When considering a GCE discretization, the fluid velocity u⋆ and the fluid domain Ω f ⋆ are extrapolated from the
previous time step. The geometry problem G(dns ,dn+1f ) = 0, which defines the fluid computational domain at time tn+1
is first solved. Then use the computed geometry to solve the linear coupled fluid-structure problem
F(un+1f ,d
n+1
s ,dn+1f ) = 0, (14)
S(un+1f ,d
n+1
s ,dn+1f ) = 0. (15)
The weak form of this system discretized in space leads to the following linear system


C f f C f Γ 0 0
0 ∆1 0 −∆2
0 0 Ns NsΓ
CΓ f CΓΓ NsΓ NΓΓ




u f n+1
un+1Γ
d f n+1s
dn+1Γs

=


fn+1f
−∆2dnΓs
fn+1s
fn+1Γs + f
n+1
Γ f

 (16)
where ∆1 = I, ∆2 = I/δ t, u f is the discrete solution of the Navier-Stokes equations, while d f s is the discretized
structure displacement. The velocity and the displacement on the interface are noted uΓ and dΓ.
Dirichlet-Neumann Iterative Method
The geometry problem G(dns ,dn+1f ) = 0 is first solved and initial guesses for u
n+1,0
f and d
n+1,0
s are extrapolated. The
Dirichlet-Neumann iterative method is defined by solving at each sub-step k the following problem:
F(un+1,k+1f ,d
n+1,k
s ,dn+1f ) = 0 (17)
S(un+1f ,d
n+1,k+1
s ,dn+1f ) = 0 (18)
until convergence.
The time and space discretized system reads

C f f C f Γ 0 0
0 ∆1 0 0
0 0 Ns NsΓ
CΓ f CΓΓ NsΓ NΓΓ




u f k+1
u f k+1Γ
d f k+1s
d f k+1Γ

=


fn+1f
−∆2d f nΓ +∆2d f
k
Γ
fn+1s
fn+1Γs + f
n+1
Γ f

 . (19)
We can notice that this expression represents the block Gauss-Seidel scheme applied to the linear system (16), i.e., the
Richardson algorithm with acceleration parameter ω = 1 preconditioned with the matrix in (19). In fact by writing
equation (16) as Ax = b and by calling A and PDN the matrices in (16) and (19) we can rewrite the system as
PDNxk+1 = (PDN −A)xk +b
which is the Richardson method
xk+1 = xk +P−1DN(−Ax+b).
Otherwise if we choose to solve the system (16) using GMRES [1], preconditioned with PDN (which we call Dirichlet-
Neumann preconditioner), we obtain a different and more efficient algorithm.
APPLICATIONS
We end this presentation by addressing two application using the method previously introduced.
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Aorta
The aorta is the largest artery in the human body. Its function is to distribute the blood to the systemic circulation.
Here we present a simulation of the blood flow from the aortic valve to the descending aorta. Interactions between the
blood flow and the arterial wall are taken into account.
We imposed at the inlet a typical physiological pressure for a human aorta (Figure 1)
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FIGURE 1. Left: Mean pressure at aortic valve. Center and Right: Pressure at times 0.016 and 0.031 s
Cerebral aneurysm
An aneurysm is a local dilatation of an artery, of a vein or of the heart. It develops and grows over many years
and the final stage is the rupture of the aneurysm that leads to hemorrhage and in the worst cases to death. Once
again studying the blood fluid dynamics is mandatory to understand the relation between the geometry of the vessel
and hemodynamic parameters. The final goal of these simulations is to allow the understanding of the flow inside an
aneurysm and to predict its evolution based on patient specific data. Figure 2 represents the pressure, velocity, and
displacement of the aneurism at time 0.121 s.
FIGURE 2. A - Pressure for the fluid; B - Velocity of the structure; C - Displacement of the structure (gray) in comparison with
the initial position (blue); D - Displacement of the structure
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